Energies of four-quark systems have been extracted in a static quenched SU(2) lattice Monte Carlo calculation for six di erent geometries, both planar and nonplanar, with = 2:4 and lattice size 16 3 32. In all cases, it is found that the binding energy is greatly enhanced when the four quarks can be partitioned in two ways with comparable energies. Also it is shown that the energies of the four-quark states cannot be understood simply in terms of two-quark potentials.
Introduction
In the literature there are several attempts to describe meson-meson scattering 1] and the nucleon-nucleon potential 2] as the interaction between clusters of quarks { (q 1 q 3 )(q 2 q 4 ) and (q 3 )(q 3 ) in these two cases. However, the temptation has been to evaluate these interactions in terms of the two-quark potential acting between pairs of quarks. Of course, for similar problems in other branches of physics this is well justi ed. For example, in atomic physics, the use of the Coulomb potential between all pairs of charged particles is a very good approximation. Similarly, in nuclear physics many phenomena can be described quite well in terms of simply the nucleon-nucleon potential or an e ective two-nucleon interaction derived from this. However, for clusters of quarks interacting via gluons such simple rules have yet to be justi ed.
In an attempt to clarify the form of the e ective interaction between quarks in multi-quark systems, a series of model calculations have recently been undertaken 3] -7] . At this stage, it is probably far too ambitious to contemplate a realistic calculation of, for example, the complete nucleon-nucleon potential, since this would involve questions in addition to the main one being addressed here, namely, the magnitude and form of the e ective quark interaction 1 . Such questions concern how the long range part of the NN potential { known to be well described in terms of meson exchange { can be quantitatively reproduced in terms of quarks and also how this region in con guration space can be joined to the short range part that is expected to be governed by explicit quark interactions 9] . In order to avoid these problems and to focus attention on the quark dominated domain, in this paper a model calculation is considered that has these features. More explicitly, the energies of four quarks in speci c geometries are calculated in the static quenched approximation using the SU(2) gauge group. The "static" approximation implies that the quarks are in nitely heavy i.e. they are treated as xed colour sources, and their kinetic energy neglected { and "quenched" implies the creation and annihilation ofpairs is also neglected { details being given in refs. 5]-7], 10]-12]. As seen from ref. 13] , the restriction to SU (2) is not expected to lead to qualitative di erences compared with SU(3), whereas the computer e ort is roughly an order of magnitude smaller.
Since the aim of the present work is to evaluate the energies of the four-quark states exactly and not in some perturbative manner, a Monte Carlo simulation is employed. However, as will be seen later, the main quantity of interest { the binding energy of the four-quark state { is essentially the di erence between two energies that are comparable. This results in extracting quantities that are small due to substantial cancellations. In fact, many geometries result in binding energies that are essentially zero within the accuracy of the simulation. Therefore, an attempt is made to discuss mainly those cases where the cancellation is less dramatic. Since these situations are not commonly met in Monte Carlo lattice simulations, special care is needed to ensure that the resulting binding energies do not contain any signi cant lattice artefacts. In section 2, a brief description of the Monte Carlo simulation is given { with emphasis on those aspects relevant to the present calculation.
A by-product of these four-quark calculations are the corresponding coloursinglet two-quark potentials (V 2 ). These are a necessary ingredient for any model that attempts to explain 4-quark energies in terms of combinations of various V 2 's and so they will be discussed in some detail in section 3. Of course, when ignoring spin, the most general form of V 2 on a lattice depends, at most, on three coordinates x; y; z i.e. V 2 (x = x 2 ? x 1 ; y = y 2 ? y 1 ; z = z 2 ? z 1 ), where the (x i ; y i ; z i ) are the lattice coordinates of quark i. If the distance between the two quarks is a su ciently large number of lattice steps, then approximate rotational invariance is expected e.g. V 2 (5; 0; 0) V 2 (3; 4; 0) and V 2 (3; 0; 0) V 2 (2; 2; 1). This will be illustrated.
With four quarks it is not possible to do an exhaustive study that covers all combinations involving interquark distances upto, say, 5{10 lattice spacings. Therefore, a selection is made of di erent geometries each of which has a characteristic feature. For simplicity, all geometries have the constraint that the lowest energy con guration is composed of two "mesons" of equal length d. In this way, it is hoped that the energies of 4-quarks in other geometries can be reliably predicted. The speci c geometries considered are those shown in g.1.
1. The rectangles(R) of g. 1a) include the special case of squares. The latter are found to have the largest binding energies ( 100 MeV) of all the geometries treated here { a feature attributed to the fact that the basic con gurations A and B are degenerate in energy. This conclusion is supported in other geometries by the observation of increased binding in those situations where the lowest energy basic con gurations are almost degenerate in energy. To study this point further, a series of independent runs for only squares is carried out. This includes larger squares (upto 7 7) than the original rectangle series. This will be refered to as the Large Square(LS) geometry.
2. Fig. 1b) shows the Tilted Rectangle (TR) geometry. This is of interest for two reasons:
{ a) The areas of the rectangles subtended by the 4-quarks are intermediate to those in g. 1a) { permitting a more reliable parametrization of the binding energy for 4-quarks in a general rectangular geometry. Only those con gurations are treated, in which A and B are as degenerate as possible in energy. This leads to binding energies that are signi cantly di erent from zero. 4. Fig. 1d) shows the so-called Quadrilateral(Q) geometry, which can be thought of as an intermediate situation between the Rectangle and Linear cases. Again the "natural" choice of basis is not obvious, so that all three states A; B and C are taken into account. As discussed in Appendix A, the third state adds very little to the energy determinations.
5. Fig. 1e ) depicts a Non-Planar(NP) geometry. This is related to the Rectangle(R) and Quadrilateral(Q) geometries. The Q-geometry can be viewed as a transformation of the R-geometry, in which one of the two-quark clusters (q 2 q 4 ) in state A is rotated through =2 about one of the quarks in the plane of the rectangle. In this way the NP-geometry is a similar transformation, in which the same quark cluster is rotated by =2 perpendicular to the original R-plane.
The energies corresponding to these six geometries are given in section 4. Finally, in section 5, some conclusions are drawn by considering a simpli ed model of four quarks interacting via purely two-quark potentials.
Outline of the Monte Carlo Simulation
Since the basic techniques for performing the type of Monte Carlo simulation used in this work are well documented 10]-13], only a brief description will be given here. All calculations are carried out with a 16 3 32 lattice and = 2:4 { a value appropriate for SU(2) and corresponding to a lattice spacing of a 0:12 fm. In a previous paper 6], the e ect of scaling and lattice nite size were checked on a 24 3 32 lattice with = 2:5. The lattices are generated by a standard Wilson action employing a heat bath method for equilibration. Further updates are combinations of three over-relaxation sweeps and one heat bath sweep. The measurement of the appropriate correlation functions takes place always after such a cycle of four sweeps. In order to make error estimates, successive measurements are collected into a series of blocks.
The measurements made on these lattices are of two types { the extraction of two-quark potentials (V 2 ) and the extraction of four-quark potentials.
2-A Two-quark potentials
To extract two-quark potentials, the basic lattice links produced after each series of four updates are "fuzzed". Essentially this models a glue ux-tube between static colour sources. As discussed in refs. 10]-11], this is an iterative procedure, which replaces a given spatial link by gauge invariant combinations of the nearest neighbouring spatial links. In line with refs. 4]-6], the factor that weights the original link with respect to the combination of neighbouring links is taken to be c = 4. This procedure can be repeated many times { the number of fuzzing levels. To measure a two-quark potential V 2 (r) along a given spatial axis, the two quarks are connected by a straight line path P i through a series of links { all fuzzed to the same level. Di erent paths can then be constructed using di erent fuzzing levels { 12, 16 and 20 in the present work. As will be shown below, this results in a 3 3 eigenvalue problem with the basis P 1 = P(12 fuzzes) ; P 2 = P(16 fuzzes) and P 3 = P(20 fuzzes).
Given these three paths P i , then the correlation between paths P i and P j { parallel transported by T steps in the time direction { is W T ij =< P i jT T jP j >; Besides giving the possibility to extract also higher eigenvalues in addition to the ground state, the method yields accurate information about V 2 already for small values of T (T 5) 12].
To measure two-quark potentials not along a given spatial axis i.e. V 2 (x; y) and V 2 (x; y; z), again three paths are constructed, each of which has 12, 16 and 20 fuzzings. However, each path is itself a combination of paths { all with the same fuzzing level i. For (2.5) where, for example, P i (1 ! 5; x) is parallel to the x-axis and P i (5 ! 4; yz) is itself a combination of two paths in the yz-plane { as in eq.(2.4). It should be pointed out that, in eq.(2.5), the product of two paths P i is to be interpreted as a product of two SU(2) matrices. The reason for this rather detailed discussion of how paths are constructed in the o -axis cases will be apparent later, when the results from the Linear and Quadrilateral geometries are given. There it will be seen that the particular method used in this work has interesting consequences.
2-B Four-quark potentials
When measuring the 4-quark potentials, the paths P i in eq.(2.1) now refer to the 4-quark states A, B and { possibly { C of g. 1. In some cases, such as the Linear geometry, these three states can be linearly dependent -this is discussed in Appendix A. Again, those paths involving pairs of quarks that are not along a spatial axis are treated as in eq.(2.4) or (2.5). In principle, each of the 4-quark states could also have a "fuzzing" index. However, here only the maximum fuzzing level of 20 is used. Including several "fuzzing" levels would add little in accuracy and is computationally demanding. A 2 2 or 3 3 correlation matrix in eq.(2.2) is found to be adequate.
In order to evaluate the statistical errors on the various 2-and 4-quark energies, it is convenient to collect M successive measurements into a single block i.e. for a given geometry, N blocks containing N M measurements are generated by 4 N M sweeps. In ref. 6] , by evaluating the autocorrelation function, it is shown that these blocks are essentially independent of each other. Given these N blocks, the values of the energies { in units of the inverse lattice spacing { can be extracted by the simple averaging
; (2.6) where W m (T ) is the average of the M measurements of the Wilson loop in block m for a Euclidean time di erence T. However, the errors on these averages are estimated using the Bootstrap method 14] , in which the basic set of N blocks is replaced by N B sets of N blocks. These N B sets are created from the basic set by a random selection with replacement. For each of these N B sets of N blocks an average energy E j (j = 1; :::; N B ) is calculated. The root mean square deviation B of these E j (Euclidean time index is suppressed for these quantities) is then taken to be an estimate of the error in the energy E T from the original N blocks. In other words, the energies from the original blocks are considered to be the best estimates, but the errors on these estimates are given by the Bootstrap value B . In this case N B = 499 is chosen. In table 1 are given the number of blocks(N) and the number of measurements(M) within each block for each of the geometries being discussed. In addition, for each geometry, the number of four-quark possibilities considered (e.g. in g.1 r; d = 1; ::; 4 with r d) and also the approximate CPU time on the Helsinki CRAY X-MP are shown. As will be discussed later in connection with table 4, the set of N blocks from a single geometry can { for some purposes such as evaluating two-quark potentials { be considered as a single "super-block". In this way the same two-quark potential is calculated in the context of di erent geometries, so that a combined analysis of these super-blocks will help towards an understanding of the question of systematic errors.
In the previous paragraph, the "energies" are referred to in several places. How- ever, as pointed out after eq.(2.2), the term "energy" should be reserved for the asymptotic limit as the number of Euclidean time steps T ! 1. In order to extract this limit, for each geometry there are measurements E T = ? ln( T ) for T = 1; 2; 3; 4; 5, where { from now on { all energies will be given in units of 1=a. In the case of the 2-and 4-quark potentials (V 2 and V 4 ), the E T should monotonically decrease to a constant { the desired energy E { for su ciently large T. Unfortunately, by T = 5, the errors B generated by the Bootstrap method can become as large as the E T 's themselves. Therefore, it is necessary to develop strategies for extracting the desired asymptotic value E. In the present work, two such strategies are used. The rst strategy attempts to identify E as a "plateau" in the E T by comparing successive values of the E T 's. On the other hand, the second strategy resorts to an optimized "overall t" to the E T 's. They are best illustrated by table 2. Here column A shows, for a given Euclidean time step T, the values < E j > averaged over the the j = 1; :::; N B Bootstrap blocks and column C the corresponding errors B . On the other hand, column B shows the average E T from the original N blocks. Of course, as a sign of consistency, the entries in columns A and B should be almost equal. This is indeed the situation in the present problem. If there had been a di erence, then it could have been corrected for as discussed in ref . 15] . Column Table 2 : Strategies for extracting energies { see text for explanation. 
The rational behind this form of G(T) is seen in eqs.(2.2) and (2.3). There, for small values of T, the desired ground state energy E 0 is contaminated by higher states. This is also the reason for not including B 1 C 1 in the tting procedure. The value of E
M is then expected to be a good estimate of E 0 with E
M approaching E 0 monotonically from above. Thus L M should be positive. However, it is probably not possible to interpret E (1) M as an estimate of the energy of some particular excited state, since { for small T { it must be simulating the e ect of many such excited states. Also, E (1) M should be constrained not to be too close to E (0) M . The interesting feature relating these two strategies is that in general they give essentially the same value with similar errors for the best estimate of the ground state energy i.e. and gives con dence in the rst strategy that, indeed, the choice B T 0 ?1 C T 0 ?1 is more realistic than the possible { but more pessimistic { choice B T 0 C T 0 . This is important, since the second strategy, based on eq.(2.7), is strictly speaking more appropriate to the total energies V 2 and V 4 of the 2-and 4-quark states, but less so for the binding energy of the 4-quark state (BE) because the latter is the di erence .7) can also be used to extract an estimate of the energy of the rst excited state of the 4-quark system i.e. V 4 (excited)! E (1) M (4-body). However, as mentioned before, the use of eq.(2.7) is less justi ed theoretically. Evenso, the resultant predictions E 1 in table 8 are still found to be in very good agreement with strategy 1. The disadvantage of this approach is that it is not possible to get a reasonable estimate of the error on BE, since this would require combining the separate errors on the various E (0) M 's. An attempt to avoid this problem is as follows. 2. Use eq.(2.7) to extrapolate directly the expression for BE in eq.(2.9) or the corresponding di erence involving the rst excited state. In both of these cases, the form of eq.(2.7) is even less justi ed theoretically. Surprisingly, in practice, it is found that this second method can also produce estimates (E
M ) for BE that are still in agreement with B T 0 ?1 C T 0 ?1 . In fact, the method often works even better for the excited state energy E 1 .
The conclusion is that, in no cases do the two strategies suggest signi cantly dif- Table 3: Example of table 2 for the total energy (V 4 ) of a 5 5 square. The underlined numbers in columns B and C are the best estimate of the ground state energy and its error { see text for a detailed explanation. ferent estimates for either E 0 or E 1 , which gives con dence in the reliability of the values of these two energies.
As an example of these ideas, in table 3 the actual numbers for the total 4-quark energy (V 4 ) of a 5 5 square are given. Here it is seen that the rst strategy gives convergence at T = 3 since D 4 F 4 is consistent with zero. In this case the second strategy yields E M agrees well with the 1.675(2) from table 3. However, it should be added that the situation is often less clear cut when applying these strategies to extract the 4-quark binding energies BE. Evenso, as will be later seen in table 8, the agreement between the two strategies is in general still maintained.
Two-Quark Potentials
In any attempt to understand four-quark binding energies the values of the corresponding two-quark potentials (V 2 ) could well play a role. This will be illustrated in section 5, where a brief outline of the method advocated in ref. 3]-7] will be given. Therefore, in this section a discussion is made of the values of V 2 that arise when calculating the 4-quark energies for the various geometries of g.1. As shown, for example in refs. 10]-11], the present techniques result in very accurate measurements of V 2 { with the errors estimated by the above Bootstrap method being, in most cases, at the 0:1% level. In spite of this accuracy (or perhaps because of it) 3-A Comparison of the same V 2 's between di erent geometries.
In this work some of the V 2 's are estimated in several independent runs { for example { V 2 (r) with r = 1; 2 and 3 is calculated for all geometries and V 2 (x = 4; y = 3) is calculated in the Tilted Rectangle and Quadrilateral geometries. Therefore, as discussed after table 1, the results from a given geometry can be considered as a single super-block of data. This then permits an evaluation of systematic errors to be made by comparing these di erent super-blocks, since the same method is used to extract the separate estimates of V 2 . A typical example of this is V 2 (r = 5), which is calculated in all geometries { except the Non-Planar case { and, for the two strategies, takes on the values in table 4. Here it is seen that the spread of values from the Rectangle(R) case to the Quadrilateral(Q) case is 0.0038 and 0.0043 for the two strategies respectively { several times larger than the standard deviations estimated by these strategies and which are shown in parentheses. This is a systematic trend, in the sense that, in the present work, the Quadrilateral results also for other values of r are always smaller than the estimates from the other geometries. To a large extent these uctuations between di erent geometries 
ii) When the distributions of the averages from each of the N B Bootstrap blocks are plotted, they all seem to be quite well described by a gaussian of the same RMS distribution. Some of the cases may give the hint of a slight skewness or non-gaussian like tails, but certainly not su cient to rule out the use of standard statistical ideas within each super-block.
iii) Since the problem does not seem to lie within the super-blocks, it indicates that there perhaps exists some long-range correlation between the super-blocks.
However, to get a correct perspective of these discrepancies, it should be observed that the weighted averages V 2 of each row in table 4 di er from the individual entries by at most 3-4 { a not improbable situation. It should also be pointed out that V 2 (Q) { the entry furthest from V 2 { contains less measurements than the other geometries { see N T in table 1. Therefore, probably the observed uctuation is a combination of these various e ects and, as such, can be considered quite acceptable.
3-B A global average form of V 2 .
For completeness, in this paper a global average V 2 is given in table 5. This is constructed in the following way using only the results from strategy 1 { the di erence with strategy 2 being minute. In those cases, where there are multiple estimates of 
3-C Comparison between V 2 's that have the same interquark distances.
There are several cases where V 2 (r; 0; 0); V 2 (x; y; 0) and V 2 (x; y; z) can be compared, since either r = p x 2 + y 2 or p x 2 + y 2 + z 2 etc. These are shown in table 6. Several points can be made about these results: i) Entry 1. The two numbers are within the statistical errors of each other. However, their di erence of 0.0027 { if taken at its face value { is partially explained by their expected theoretical di erence from eq.(3.1). ii) Entry 3. Both numbers are now not within the statistical errors of each other. However, their di erence of 0.008 now contains a sizeable contribution (0.004) from the expected theoretical di erence.
iii) Entries 4 and 5 are all within the statistical errors of each other { the small di erence in entry 4 again being expected theoretically.
It should be added that, if the parameters in eq.(3.1) were tted for each geometry separately { and not to the overall average V 2 { , then the lattice results would be closer to the numbers shown in the square brackets. However, here the interest is not in the overall magnitude but in the di erences.
Four-Quark Binding Energies
In this section the energies of the four-quark ground state E 0 and rst excited state E 1 are collected { referred to as BE earlier. These are de ned as
where V i (4q) is the total energy of the four-quark state and E 0 (A) is the unperturbed energy of the states A in g. 1. For example, in the r d rectangle case with r d, E 0 (A) is simply 2V 2 (d). Therefore, E 0 is best interpreted as the ground state binding energy of the 4-quark state. Eq.(4.1) is essentially the same as eq.(2.9) { the notation change being purely for convenience, since it is no longer necessary to specify the quark indices.
a) Rectangles(R) and Large Squares(LS).
Since the Rectangle and Large Square geometries are very similar, they are combined in table 7. Only the basis states A and B in g. 1a) are included, but { as will be shown later in the case of Quadrilaterals { the more complete space of A; B and C would give very similar results. The reason for carrying out two separate series R and LS was the observation in series R that squares had much more binding than non-squares. Therefore, the second series (LS) was carried out to study this point further. The main points of interest in table 7 are:
1. The square con gurations have binding energies that are an order of magnitude larger than those of the nearest neighbouring rectangles e.g. On this evidence, it would seem to be a reasonable approximation to assume that there is a signi cant interaction only in the square case i.e. where states A and B are degenerate in energy. This can possibly be extended to more general geometries { a point to be considered later in this section. (4) in those cases, where the unperturbed energy of state B is lower than that of state A. It should be added that these di erences are kept separate in each of the N blocks of measurements. This enables the Bootstrap analysis to give errors for both E A 0 (4q) and E B 0 (4q). If it were attempted to calculate directly E B 0 (4q) from E A 0 (4q) using the expression E B 0 (4q) = E A 0 (4q) ? E 0 (B) ?E 0 (A)] after the Bootstrap analysis for E A 0 (4q); E 0 (A) and E 0 (B), then the separate errors on these three quantities would lead to a much larger uncertainty in the overall error to be attributed to E B 0 (4q). The results are shown in table 8 using both the strategies discussed in section 2 for extracting the ground state and excited state energies (E i=0;1 ). In all cases, the three methods agree with each other { a feature that is also true with the other geometries. It should be added that the agreement is much better when extracting V 2 or V 4 { as expected, since (unlike the E i ) these do not involve energy di erences. If a choice has to be made between the three alternatives, then it is best to use the E i from strategy 1. The 5,(4,3)] con guration is of particular interest, since this is simply a square of sides 5 5 (2) can be attributed to the di erence between 2V 2 (r = 5) and 2V 2 (x = 4; y = 3), since these are subtracted from the V 4 's as in eqs. (4.2,4.3) . This was seen in table 6, where V 2 (r = 5) = 0:856(2) and V 2 (x = 4; y = 3) = 0:859(2), of which di erence roughly 0.001 is expected from a slight lack of rotational invariance. Another possibility { already suggested in connection with table 4 { is that the strategies used for extracting V 2;4 and, especially, E i may be somewhat underestimating the errors. (4) c) The Linear(L) geometry.
As demonstrated in the Appendix A, only two of the possible basic paths A; B; C in g. 1c) can be used when extracting the eigenvalues E i from eq.(2.2). This is because the corresponding 3 3 equation is singular due to the way the three paths are constructed. All three combinations A+B; A+C; B +C give exactly the same results shown in the rst three columns of table 9. These energies were extracted using strategy 1 and are, in all cases, in agreement with the corresponding numbers from strategy 2.
Here it is seen that the only values of E 0 that are signi cantly di erent from zero come from those con gurations where the two "mesons" of length d are only one lattice spacing apart (i.e. r = a) in con guration A. This is unfortunate, since such con gurations could possibly su er from lattice artefacts. However, the smallness of the other E 0 's will in fact be of interest in subsequent analyses of these numbers. On the other hand, the values of E 1 are quite precise, but their interpretation is less clear than the corresponding E 0 's, since they are the highest states in a variational approach and so could possibly contain some impurities. The following comments can be made about these results: 1) The (2,1) con guration has the property that the unperturbed energies of states A and B are almost equal with E 0 (A) = 1:123 and E 0 (B) = 1:114 { see eqs. (4.2) and (4.3). Again it is seen that this approximate degeneracy results in a fourquark binding energy (with respect to B) of {0.0451(3), a value much larger than the others. This is of interest, since the near degeneracy is not obvious { unlike the (1) rectangle geometries (R and TR) discussed earlier. There it could be seen directly by arranging that the sides of the rectangles were as equal as possible in length. However, in this case, for state A the basic ux path length is 4a, whereas for state B it is a+ p 13a. Such an argument would suggest (3,1) to be degenerate, since both paths A and B are then of length 6a. Therefore, to get a degeneracy it is the sum of the 2-quark potentials that must be equal. It is not su cient to simply consider the linear spatial dimensions. This would only be correct for large con gurations, where all 2-quark potentials are dominated by the linear con ning potential.
2) The other state where E 0 (B) is seen to be less than E 0 (A) is the (3,1) con guration. However, this reversal of the basic energies in fact arises for all con gurations (d; r) with d 3r.
e) The Non-Planar(NP) geometry.
The results are given in table 10 using the complete basis A + B + C. But 
Conclusion
In the previous sections, the binding energies of four quarks in speci c geometries have been extracted { with the main conclusion being that the interaction is dominated by those cases where the basic states are degenerate, or almost degenerate, in energy. In the literature this e ect has been observed and exploited earlier. (2) (2) the interaction only occurs when { in the notation of g.1 { the spatial distances r 13 + r 24 and r 14 + r 23 are degenerate. In spite of this, the present work seems { to some extent { to justify this idea. where the su x denotes a colour singlet. These states only depend on the quark coordinates and do not contain any explicit reference to the underlying gluon eld. Because of this, the three states are linearly dependent (C = A?B) and satisfy the equalities < AjB >= 1 2 =< AjC >= ? < BjC >. It is of interest to note that the phase appearing in the < BjC > overlap must be inserted "by hand" in eq.(2.2), since in the lattice calculation the correlations W T ij are calculated independently and, at the time, relative phases in the o -diagonal matrix elements ignored. This is ne for a 2 2 basis, since the results are independent of the sign of W T 12 { but not so for the 3 3 case. This point is discussed in more detail in the appendix. Now that the basis is decided, it only remains to x the interaction between the basis states. Being guided by success in atomic and nuclear physics, the most obvious choice is to assume that these interactions can be described in terms of two{body potentials. Furthermore, if the basis states are thought to each represent a pair of colour singlet "mesons", then a suitable choice for the interaction is simply and V AB ! fV AB . The reader should refer to these references for more details, since the main purpose of this paper is to present the model-independent results from the Monte Carlo lattice simulations. The only reason for discussing the failure of the simple model in eq.(5.2) is because it is essentially the basis of many attempts to calculate the interaction between multi-quark clusters e.g. refs. 1] and 2]. These all assume that the interaction can be reduced to a sum of purely 2-quark potentials. This sum is then introduced into some many-body formalism such as the Resonating Group technique { that has proved successful for calculating the potential between atoms and between nuclei { to give a non-local meson-meson or nucleon-nucleon potential. It should be added that the present criticism is not against these many-body techniques, since they can be extended to include the e ect of the multi-quark factor f { see refs. 20] and 21]. However, there seems to be no justi cation for assuming that the input to these many-body techniques can be expressed in terms of purely 2-quark interactions.
It should be emphasised that the 4-quark energies tabulated in section 4 are { for the static quenched limit in SU(2) { model-independent and exact, within the accuracy of the Monte Carlo simulation. This being the case, other methods for calculating these energies e.g. quark clusters 1]-2] and light-cone models 22] should result in the same values. Any failure to do so should be interpreted as a weakness of those models.
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Appendix A
Bases for 4-quark systems
Combining together multi-quark states into colour singlet combinations is straightforward in principle but care must be taken with several small details. To illustrate the analysis needed for 4-quark systems, rst consider the simpler case of two quarks. With SU(2) colour, the two-quark system will be a baryon. However, the baryon has the same features as the quark-antiquark meson state. This arises because the quark and antiquark both transform under the same 2-dimensional representation of the colour group. To expose this, the colour charge conjugation operator will be needed and it is taken as ij , with the de nition 12 = ? 21 = 1; 11 = 22 = 0. Here the quarks are static so they only have a colour index and can be represented as a quark at x as q i (x). Then the antiquark eld is given in terms of the quark eld by q i (x) = ? ij q j (x):
To make gauge invariant operators from quarks at di erent spatial positions, it is necessary to include a path-ordered integral to relate the colour coordinate systems at the two spatial points. In lattice gauge theory these path ordered integrals are provided by the ordered product of links and in this case they are SU(2) matrices P ij (z; x). They are to be thought of as a colour ux between two points and are generally referred to as paths. The choice of spatial position z at which to make this colour reference is arbitrary. Then the two-quark operator is T ij = P ir (z; x)q r (x)P js (z; y)q s (y)j0 > : (A.2) Now only colour singlet combinations of two quarks will have non-zero vacuum expectation values. There is only one such combination and it is given by contracting with ij . Inserting the identity ? ut tr = ur gives S = ij T ij = ?q u (x) ut tr P ir (z; x) ij P js (z; y)q s (y)j0 > : (A.3) Then using the identity for SU(2) matrices that ij P jk kl = ?P il gives S = q u (x) ut P y tj (z; x)P js (z; y)q s (y)j0 >= q t (x)P ts (x; y; z)q s (y)j0 > :
(A.4)
Here P(x; y; z) is the colour ux path from y to x via z. To obtain the energy of this two-quark state then needs an evaluation in the lattice vacuum samples of < 0jS y (0)S(t)j0 >. This clearly corresponds to evaluating a closed ux loop (a Wilson loop) joining the 4 points (y; 0); (x; 0); (x; t); and (y; t). This result is usually assumed without the detailed discussion given above, but some of the discussion will be less trivial for 4-quark systems. Note that there is considerable freedom to choose the path from x to y at both time 0 and t. This freedom can be used to construct a variational approach using several such paths. Returning now to the 4-quark system, the same approach leads to a 4-quark operator given by T ijkl = P ir (z; x 1 )q r (x 1 )P js (z; x 2 )q s (x 2 )P kt (z; x 3 )q t (x 3 )P lu (z; x 4 )q u (x 4 )j0 > : (A.5) Now colour singlet states can be obtained by pairing the quarks. There are three ways to achieve this corresponding to contracting T with tensors A ijkl = ij kl ; B ijkl = il kj and C ijkl = ik jl (A.6)
These three tensors correspond to the pairings A, B and C introduced in g.1.
As in the two-quark case above, the energy eigenstates can be obtained by evaluating the correlation of this 4-quark operator at times 0 and t. Again these correlations can be cast into Wilson loops. There are now three possible tensorial structures at each time value. The diagonal correlations (AA, BB or CC) will each yield two Wilson loops, while the o -diagonal correlations will yield one Wilson loop. This latter Wilson loop has to be multiplied by non-trivial phase factors that arise because of the antisymmetry of the -factors. Indeed, with the present convention, the correlation of tensors B and C has an extra minus sign.
These three tensors A, B and C are linearly dependent with A = B + C as can be seen by using the identity that ij kl = ik jl ? il jk :
(A.7)
Another way to appreciate this is that there are only two independent ways to couple 4 spin-half particles to a scalar.
This linear dependence of the tensors will only imply that there is a linear dependence of paths A, B and C if the latter are indeed constructed exactly in the way de ned here. Namely a common point z must exist such that paths to each of the 4 quarks from z are used to create path combinations A, B and C. In the present work, this is exactly the case for the linear geometry as can be seen from the detailed construction of the paths.
In other cases, the path de nitions do not correspond exactly and one can use all three possible tensor structures to make 4-quark states. These can then be employed as a variational basis. In practice, it turns out that in some cases such as the quadrilateral geometry, there is an approximate degeneracy of the 3 path combinations A, B and C so little is gained by including the third path.
Since there are two independent tensorial combinations of 4 quarks, it might be thought useful to separate the observed energy eigenstates according to which is which. For instance to explore whether quarks 1 and 2 are combined in a scalar (A) or a vector (B ? C). Such a separation depends on the paths used to link each quark to the reference point z and so is not of physical signi cance except in the weak coupling limit where all gluon elds are small and all path matrices are the identity. 
